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1. INTRODUCTION 
Consider the first-order neutral differential equation 
i 
[ 
z(t) - &(t)z(t - 7&)) 
i=l 1 
+ eqj(t)s(t - fJj@)) = 0, t 3 to, (1) 
j=l 
where pi(t),qj(t),7i(t),aj(t) E C([to,+oo),R+), R+ = [O,+OO), limt++oo(t - Ti(t)) = +oo, 
limt++oo(t - aj(t)) = +oo, i = 1,2,. . . , 72, j = 1,2,. . . , m. 
Since Hunt and Yorke [l) published a conjecture about the oscillation of solutions of delay 
functional differential equations in 1984, many authors have investigated the oscillation of first- 
order delay or neutral functional differential equations, see [2-111. The aim of this paper is 
to further study the oscillation of solutions of (1). In Section 2, we shall prove a technical 
lemma which will be used in Section 3 to prove our main results. In Section 3, by introducing a 
transformation, we establish a series of sufficient conditions for all solutions of (1) to be oscillatory. 
Some of the conditions are sharp in the sense that when each of the coefficients pi(t), qj (t), the 
delays Ti( t) and Uj (t) is a constant (i = 1,2, . . . , n, j = 1,2, . . . , m), they are also necessary. We 
also further discuss a conjecture by Chen and Huang (21. 0 ur results extend and improve the 
relevant results in [l-11]. 
The author is greatly indebted to the referee for the valuable comments and suggestions. 
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As usual, a solution of (1) is called oscillatory if it has arbitrarily large zeros and nono&llatory 
if it is eventually positive or eventually negative. 
For convenience, we use the convention that all the inequalities involving t hold eventually 
throughout this paper. 
2. BASIC LEMMAS 
LEMMA 1. In (11, assume that c$ e(t) does not identically equal zero eventually and 
(Ai) either cz, pi(t) < 1 holds eventually or q(t) z pi > 0 (positive constant, i = 1,2, . . . , n), 
each of pi(t) (i = 1,2,. . . ,n) is bounded and there exist a r > 0, natural numbers ki 
(i = 1,2,..., n) and a t* 2 to SUCJI that 
n 
q = kir (i = 1,2,. . . ,n), C( pi t*+kr)<l, k=O,1,2 ,,..a 
i=l 
If z(t) is an eventually positive solution of (1) and 
y(t) = z(t) - ePi(t)r(t - T&)), 
i==l 
(2) 
then we have y’(t) 5 0, y(t) > 0. 
PROOF. It follows from (1) and (2) that y’(t) 5 0. It remains to show that y(t) > 0. Otherwise, 
y(t) is eventually negative. Thus, there exists a sufficiently large T 2 to such that y(t) < fi < 0 
for t >_ T, where P is a negative constant. Hence, 
x(t) - kPi(t)dt - C(t)) = Y(t) < & 
i=l 
t 2 T. 
When & pi(t) 5 1, we have 
s(t) < kPi(t)r(t - G(t)) + @ 
i=l (3) 
< in$&(z(t - G(t))} + P, t 2 T. 
-- 
If z(t) is unbounded, then there exists a sequence {tk} such that tk - maxl<_iln,lljlm{Ti(tk), 
o&k)) 1 T, hk++m tk = +oO, and z(tk) > s(t), for t E [T,tk], k = 1,2,. . . . Hence, we have 
l~s~n{“(tk - Ti(tk))) 5 dtk), k=1,2,..., 
-- 
which contradicts (3). Now we suppose that z(t) is bounded. Then limtM+oos(t) # 0 and 
hm supt--++oo z(t) = B > 0. Pick a 2’1 2 T so that z(a) < B - P/2 for s > Tl. Then pick Tz L Tl 
so that T2 - TV 2 TI for each i E {1,2,. . . , n}. Also pick T2 large enough so that z(Tz) > 
B + p/2. Then for s E [TI, Tz], we have 
z(s) < B - $ < 2(T2) - P. 
In particular, 
or 
max{z(Tz - Ti(T2)) : i = 1,2,. . . , n} < z(Tz) - 0 
/3 + max{e(Tz - pi) : i = 1,2,. . . ,n} <_ z(Tz). (4) 
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Clearly, (4) and (3) are contradictory. Thus, y(t) > 0 as claimed. 
When q(t) I ri > 0 (positive constant, i = 1,2, . . . , n), each of pi(t) (i = 1,2, . . . , n) is 
bounded, and there exist a 7 > 0, natural numbers ki (i = 1,2,. . . , n) and a t* 2 to such that 
n 
q = kg (i = 1,2,. . . ,n), xpi(t* + kT) 5 1, k = 0,1,2,. . . , 
i=l 
following the procedure of the proof of Lemma 1 in (91, we obtain that z(t* + kr) -+ --oo (k + 
+oo), which contradicts that z(t) is eventually positive. Thus, y(t) > 0 as claimed. 
The proof of Lemma 1 is complete. 
REMARK 1. Condition Ar in Lemma 1 allows ~~=I pi(t) - 1 to be oscillatory. When m = 1, it 
becomes Condition i of Theorem 3.1 in [ll]. 
3. MAIN RESULTS 
THEOREM 1. In (l), assume that (Al) holds and 
f-42) 
(A31 
644) 
7i(t) 3 ri > 0 (constant), rYj(t - 7i) = oj(t), t 1 to, i = 1,2,.. . ,n, j = 1,2,. . . ,m; 
~~!, qj (t) > 0 and there exists a nonempty subset J of { 1,2, . . . , m} such that lim inft_,+oo 
ALoft) CjEJ qj(s) ds > 0, where 4) = min&oj(tII; 
there exist functions ai E C([to, +CXI), R+) (i = 1,2,. . . , n) such thatpi(t-uj(t))qj(t) > 
ai(t)qj(t - Ti), i = 1,2,. . . ,n, j = 1,2,. . . ,m; 
there exists a positive and continuous function H(t) such that liminft++oo J&tj 
H(s) ds > 0, then all solutions of (1) are oscillatory if there exists a T 2 to such that one 
of the following conditions is satisfied: 
(i) 
(5) 
(ii) 
(iii) 
> 1. 
1028 Q.-R. WANG 
PROOF. Since the negative of a solution of (1) is also a solution of (1) and if (1) has a noncecil- 
latory solution z(t), then it suffices to suppose that z(t) is eventually positive. F+om (l), (2), 
and Lemma 1, we have y’(t) < 0, y(t) > 0, and y(t) 5 r(t) for t 2 T” 2 to. 
Also from (l), As, and A3, we have 
=- c o[ qj t Y(t -Cj(t)) + kf2i(t - Oj(t))Z(t - Qj(t) - 7i) 
j-l i=l 1 
= - eqj(t)!4t - oj(t)) - 2 epi(t - aj(t))qj(t)Z(t - Uj((t) - 7i) 
j=l i=l j51 
m 
I - Ce(t)y(t - aj(t)) - 2 eQ(t)qj(t - Tj)Z(t - Uj(t) - Ti) 
j=l i-1 j-1 
= - 2 qj(t)y(t - 0j(t)) + 2 &(t)y’(t - Ti) 
j=l i=l 
or 
Set 
Y’(t) 5 2 ai(t)y'(t - 7i) - gqj(t)y(t - flj(t)). 
i=l j=l 
A(t)H(t) = -g, 
for t 1 I!‘1 . Then X(t) > 0, and (6) reduces to 
X(t)H(t) 1 k&(t)X(t - 7i)H(t - 7i) eXp (J’ X(s)H(s) ds 
i---l t-Ti > 
+ $%WexP (lIgjtt, Ws)H(s)ds) 
2 C4$(t)exP ttC(tjWs)X(s)ds - 
jEJ (J- 
(I) From (5), there exists a 6 E (0,l) such that 
1 6 t>%,o H(t) 
{ 
kaj(t)H(t - Tj) exp 6 J” 
i=l t-7i 
H(S) ds) 
+ i e9,(t)eXP A 
pl 
( L#, .,,,,,, } > l* 
On the other hand, by [6, Lemma 2.11, A2 and (8), we have 
J 
t 
lim inf 
t-*+= t-a(t) 
X(s)H(s) ds < +oo. 
(6) 
(7) 
(6) 
(9) 
It follows from & that 0 5 liminft--r+oo A(t) < +oo. Now we show that lim inft++oo 
X(t) > 0. In fact, if liminft--r+oo x(t) = 0, then there exists a sequence {i&} such that tk - 
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maxl<i<,,l<jlm{7i,aj(tk)) 2 ma4TlyTIy limk-++ o. tk = +m, and A&) I A(t), for t E [TI, &I, 
k = 1,2,. . . . From (7), we have 
Hence, 
which contradicts (5), and therefore, 
ljI$ninf X(t) = A0 E (0, +m). 
Then there exists a Tz 2 max{Tl , T} such that X(t) 2 6x0, t 2 T2. Substituting this into (7), we 
have 
X(t)H(t) 2 bX0 ka&)H(t - 
i=l 
dexp (b.bllTi X(s)ds) 
Thus, for s L Tz, 
1 
X(s) 2 inf - 
tzz H(t) 
Taking inferior limit 
6x0 2 ai(t)H(t - Ti) exp 6X 
i=l 
( o 1:. H(s)ds) 
+&-(t) P 6X j=* 3 ex ( “j(IOj(,iH(s)ds) 7 t 2 T2* 
1. 
m s, we have 
1 
X0 2 inf - 
t>Ta H(t) 
6x0 2 ai(t)H(t - ri) exp SX 
i=l 
( oL, H(s)ds) 
+ 2 t7j(t) exp 
j=l 
(10) 
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Letting X1 = 6x0 in (lo), we have 
(11) 
Since TQ 2 T and X1 > 0, (11) contradicts (9). 
(II) From (7), we have X(t)H(t) 2 Cj”=, qj(t) and 
Hence, X(t)H(t) 2 ‘& ai(t)(Cyzl qj(t - pi)) + ‘&qj(t). Substituting this into (7), we have 
X(t)H(t) > k&(t) ~ai(t_7i)~gj(t_227i)+~9j(t_7i) 
i-1 ( i-1 j=l j=l ) (13) 
XexP (11,. xox(s)ds) +eQ(t)exP 
* j=l ( 
~tO,I,I”oX(.)ds) * 
-3 
Similar to I, if Condition ii is satisfied, we can complete the proof from (12); if Condition iii is 
satisfied, we can complete the proof from (13). 
The proof of Theorem 1 is complete. 
THEOREM 2. In (l), assume that AI holds and 
(As) m = 1, ql(t) > 0, liminft++oo $_a1(tJ q1 (s) ds > 0; 
(AG) there exist functions hi(t) E C([to, +cG), R) (i = 1,2,. . . , n) such that 
hi(t) < 6 ,$& W) = +%$7(W) = g(t) - GW)), t >_to, i=l,2 ,...) n, 
where g(t) = t - cl(t); 
(AT) there exists a positive and continuous function H(t) such that liminft++m J:_O1(bJ 
H(s) ds > 0, then all solutions of (1) are oscillatory if there exists a T 1 to such that one 
of the following conditions is satisfied: 
(i) 
&k(t)) $$)) H(W)) exp X ’ H(s) ds 
i---l 
( hit, H,,,,,) ) !I;“‘t’ ) + !jql(t)exp X 
(ii) 
1 
tt?i>o /\H(t) 
{ 
2 PiMt)h (t> eXP 
kl 
(14) 
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PROOF. Suppose that (1) has an eventually positive z(t), similar to the proof of Theorem 1, we 
can deduce that 
y’(t) = &g(t)) (71(t) ql(hi(t)) 9’(M)) - q1(t)lMt)). 
i=l 
Set 
A@)H@) = -z, 
for t > Tl. Then A(t) > 0, and (15) reduces to 
(15) 
W)H@) L &i(&)) q1(t) 
i=l 
ql(h,(t)) X(hi(t))H(hi(t))exP 
.a (J 
t 
A(s)H(s) ds 
hi(t) 
+qdt)exp (f,,WWds) 
L ql(t)exp (~:tjWsMsJds) . 
From (17), we have X(t)H(t) 2 ql(t). Substituting this into (16), we have 
P-3) 
(17) 
NW(t) 2 &&(t)h (t)ev 
i=l 
f ,, Ns)H(s) ds) +q1 (t) exp (6, WH(s) ds) - 
1 
Then similar to the proof of Theorem 1, we can complete it. 
The proof of Theorem 2 is complete. 
From Theorems 1 and 2, we can obtain different sufficient conditions for the oscillation of 
solutions of (1) by appropriate choices of H(t). For instance, if we choose H(t) = 1 in Theorem 1, 
then (5) becomes 
inf 
t/T, A>0 
{ 
eai(t)exp(Xs,) + t f&(t)exp(hgj(t)) > 1. 
i=l pl 
1 
(18) 
When m = 1, if we choose H(t) = ql(t) in Theorem 1, then (5) becomes 
inf kai(t) “Ibl,;’ 
t?T, A>0 
i i=l 
ew @~~TiaCslds) + i exp (hj(fo,ctjq~lsJds)} > 1. 
If we choose H(t) = 1, or ql(t) in Theorem 2, then (14) becomes 
Ol- 
inf ~ddt)) ql$$~,, t/T, A>0 1 i=l * exp(X(t - hi(t))) + i a(t) exp(k(t)) > 1 (19) 
inf 
REMARK 2. In Theorem 1, Condition As is practical. It includes all the cases of the remark 
of Theorem 1 in [8]. Furthermore, it can be used more extensively. For example, if pi(t - 
oj(t))qj(t)>pi(t)qj(t-T&i=1,2,...,n,j=1,2 , . . . ,m, then we CZLII choose ai = pi(t) (i = 
172 , . . . , n), to show that Theorem 1 (H(t) = 1) improves Theorem 1 in [8]. pi(t - uj (t))qj (t) = 
Pi(t - cj(t)) (C7j(t)lqj(t - Ti))Qj(t - Ti) for e(t) > 0, i = 1,2,. . . ,?I, j = 1,2,. . . ,m, SO we 
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can choose ai = minlgjsm@i(t - aj(t)) (qj(t)/qj(t - pi))} (i = 1,2,. . . ,n). For m = 1, 
ai = p&-q(t)) (Ql(t)lQl(t-G)) (i = L2, * * * ,n), showing that Theorem l(i),(iii) (n = m = 1, 
H(t) = 1) improves Theorem 3 in [8], and so on. 
REMARK 3. In Theorem 2, if al(t) E ~1 is a constant, then hi(t) = t - q(t -cl), i = 1,2,. . . , n; 
if the inverse of function g exists, then hi(t) = g-‘(g(t) - Ti(g(t))), i = 1,2,. . . , n. 
REMARK 4. In Theorem 2, Ti(t) (i = 1,2,. . . , n) and al(t) may be infinity. 
REMARK 5. Conditions (18) and (19) answer the conjecture by Chen and Huang [2] under weaker 
and wider conditions than that in [8]. 
COROLLARY 1. Consider the first-order neutral differentiaJ equation with constant coefficients 
and constant deviations 
g 
[ 
s(t) - -&is(t - Ti) + 2 qj4t - Uj) = 07 
i=l I j=l (20) 
wherep~~O,~~>O,qj>O,uj>O,i=1,2 ,..., n,j=l,2 ,..., rn,andC~=rpi~l. Thenall 
solutions of (20) are oscillatory if and only if 
F(X) = -A + X epc exp(Ari) + 2 qj eXp(AUj) > 0, 
i=l j=l 
x > 0. 
PROOF. Sufficiency can be proved from Theorem 1 immediately with ai = pi and H(t) = 1 
(see (18)), so we omit it. Now we prove necessity. Suppose that there is a X1 > 0 such that 
F(Xr) 5 0. Since F(0) = ~~=r qj > 0, there exists a Xc E (0, Xl] such that F(Xc) = 0. It is easy 
to check that Y(t) = exp(-Xct) is a nonoscillatory solution of (20). 
The proof is complete. 
REMARK 6. Corollary 1 implies that Condition i in Theorem 1 with ai = mhl<j<,{pi(t - 
Oj(t)) (Qj(t)/GJj(t - G)} (i = 1, 2~. . * 7 n) and Condition i in Theorem 2 are sharp when(t) = 1. 
Since e” > ea: and e” 2 1 for 2 > 0, we can obtain the following corollaries immediately from 
Theorems 1 and 2. 
COROLLARY 2. In (l), assume that Al-Ad hold, and 
lim inf -!- t-r+uJ H(t) 
{ 
e%(t)H(t - 5) + ee!lj(t) l:,,,,, H(s)ds 
1 
> 1, 
i=l j-1 3 
then aJJ solutions of (1) are oscillatory. 
COROLLARY 3. In (I), assume that A1 and As-A7 hold, and 
lim inf -L 
t++m W) 
2 Pi(g(t)) ql$(;)) W%(t)) + es(t) 
+r t 
lit, .,,,d.) > 1, 
then aJJ solutions of (1) are oscillatory. 
THEOREM 3. In (l), assume that Ar holds, and if there exists a nonempty subset J of 
{1,2, *. ’ , m} such that the inequality 
y’(t) +&(t)y(t - o(t)) 5 0 
jEJ 
has no eventually positive solutions, where a(t) = minjcJ{aj(t)}, then aJJ solutions of (1) are 
oscillatory. 
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PROOF. Suppose that (1) has an eventually positive z(t), 
Lemma 1, it follows that y’(t) 5 0, 0 < y(t) 5 z(t), and 
1033 
then z(t) > 0. From (l), (2), and 
that is, 
Y’(t) + C ‘Ij (t)Y(t - dt)) I 0. 
jEJ 
From the conditions of Theorem 3, we see that the above inequality has no eventually positive 
solutions, which contradicts y(t) > 0. Thus, all solutions of (1) are oscillatory. 
The proof of Theorem 3 is complete. 
COROLLARY 4. In (I), assume that Ar holds, and if there exists a nonempty subset J of 
(17% *. * 7 m} such that 
t 
Fm;linf 
-1 c 
qj(S)dS > ' 
t-o(t) jeJ e’ 
where cz(t) = minjeJ{aj(t)}, then all solutions of (1) are oscjllatory. 
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